Abstract A linear analysis of capillary instability of a cylindrical interface in the presence of axial magnetic field has been carried out when there is heat and mass transfer across the interface. Both fluids are taken as incompressible, viscous and magnetic with different kinematic viscosities and different magnetic permeabilities. Viscous potential flow theory is used for the investigation and a dispersion relation that accounts for the growth of axisymmetric waves is derived. Stability criterion is given by critical value of applied magnetic field as well as critical wave number and stability is discussed theoretically as well as numerically. Various graphs are drawn showing the effect of various physical parameters such as magnetic field strength, heat transfer capillary number, and permeability ratio, on the stability of the system. It has been observed that the axial magnetic field and heat and mass transfer both have stabilizing effect on the stability of the system. 
Introduction
Capillary instability arises when a liquid cylinder in an infinite fluid collapses under the action of capillary forces due to surface tension [1, 2] . The capillary instability occurs in various situations such as film boiling, Breaking of liquid jet and in many Chemical and Metallurgical processes. Plateau [3] studied the axisymmetric disturbances of capillary instability and observed that a long cylinder of liquid is unstable to the axisymmetric disturbances with wavelengths greater than 2pR. Rayleigh [4] considered the stability of viscous liquid under capillary forces but he neglected the effect of surrounding fluid. Weber [5] studied the stability of a laminar jet considering the effect of viscosity and the surrounding air and concluded that the viscosity does not change the cut-off wave number predicated by the inviscid theory. Tomotica [6] considered the stability of a long cylindrical column of viscous liquid in the viscous fluid.
Magnetohydrodynamics is concerned with the ways in which magnetic fields can affect the fluid behavior. The stability of liquid jet of finite electrical conductivity in uniform axial magnetic field was studied by Chandrasekhar [1] for axisymmetric disturbances. He found that in the limit of infinite conductivity, the magnetic field has the effect of increasing the wavelength at which the capillary instability occurs. Taktarov [7] analyzed the stability of a magnetic fluid jet in the presence of a uniform magnetic fluid acting along the axis of the jet and observed that as the magnetic field is increased, the instability region shifts toward the long waves. Radwan [8] studied the effect of magnetic field on the capillary stability of inviscid fluids and observed that the magnetic field has stabilizing effect on the capillary instability. The instability of a compressible annular cylindrical fluid jet coaxial with a very dense fluid cylinder of negligible inertia endowed with surface tension and acting upon the electromagnetic force has been investigated by Radwan [9] .
The study of heat and mass transfer across the interface is very important in many situations such as boiling heat transfer in chemical engineering and in geophysical problems. Hsieh [10, 11] has established the general formulation of RayleighTaylor instability and Kelvin-Helmholtz instability with heat and mass transfer across the liquid vapor interface. Hsieh [10] found that when the vapor layer is hotter than the liquid layer, the effect of heat and mass transfer tends to inhibit the growth of instability. Nayak and Chakraborty [12] formulated the Kelvin-Helmholtz instability of the cylindrical interface between the liquid and vapor phases with heat and mass transfer.
Viscous potential flow theory has played an important role in studying various stability problems. Tangential stresses are not considered in viscous potential theory and viscosity enters through normal stress balance [13] . Funada and Joseph [14] studied the viscous potential flow analysis of capillary instability and observed that viscous potential flow is better approximation of the exact solution than the inviscid model. Funada and Joseph [15] extended their work of capillary instability for viscoelastic fluids and observed that the growth rates are larger for viscoelastic fluids than for the equivalent Newtonian fluids. The viscous potential flow analysis of Kelvin-Helmholtz instability with heat and mass transfer in plane geometry has been carried out by Asthana and Agrawal [16] . They observed that the heat and mass transfer has a stabilizing effect when the lower fluid viscosity is high and destabilizing effect when fluid viscosity is low. Kim et al. [17] investigated the capillary instability problem of vapor liquid system in an annular configuration with heat and mass transfer using viscous potential flow for axisymmetric disturbances. Awasthi and Agrawal [18] have studied the nonlinear effects on the capillary instability in the presence of heat and mass transfer and observed that heat and mass transfer phenomenon has stabilizing effect on the stability of the system in the nonlinear analysis.
The magnetohydrodynamic interfacial instability with heat and mass transfer is of fundamental importance in number of applications such as design of many types of contacting equipment, e.g., boilers, condensers, reactors, and others industrial and environmental processes. The capillary instability with heat and mass transfer in a magnetic field occurs in many practical applications such as electronic magnetic ink jet printer and fluid jet amplifier. Elhefnawy and Radwan [19] studied the stability of magnetic inviscid fluids in cylindrical geometry with heat and mass transfer across the interface. Elhefnawy [20] analyzed the stability of the magnetic fluids of cylindrical interface with heat and mass transfer and periodic radial field. Bubble formation in superposed magnetic fluids in the presence of heat and mass transfer has been studied by Gill et al. [21] . Lee [22] considered the nonlinear stability of magnetic fluids with heat and mass transfer and showed that nonlinearity increases the region of stability with heat and mass transfer.
Sirwah [23] applied viscous potential flow theory to study the Kelvin-Helmholtz instability in the presence of tangential magnetic field and observed that the tangential magnetic field plays a stabilizing role in the stability analysis. Sirwah [24] investigated the nonlinear stability analysis of magnetic fluids in the presence of constant normal magnetic field and observed that normal magnetic field has destabilizing effect on the stability of the system. Awasthi and Agrawal [25] have studied the effect of irrotational shearing stresses on the magnetohydrodynamic Kelvin-Helmholtz instability and observed that irrotational shearing stress and tangential magnetic field both have stabilizing effect.
Awasthi [26] studies the effect of axial electric field on the capillary instability in the presence of heat and mass transfer and observed that axial electric field decays the amplitudes of disturbance waves. The effect of electric field on the capillary instability in the porous media is considered by Awasthi [27] and found that medium porosity destabilize the interface.
The objective of the present work was to study the effect of axial magnetic field on the capillary instability of cylindrical interface when there is heat and mass transfer across the interface. Both the fluids are taken as incompressible, viscous and magnetic with different kinematic viscosities and permeabilities, which have not been considered earlier. A dispersion relation is derived and stability is discussed theoretically and numerically. The critical values of magnetic field and wave number are obtained. The system is unstable when the magnetic field is less than the critical value of magnetic field, otherwise it is stable. The effect of ratio of magnetic permeability e ¼ e 1 e 2 on growth rates is observed. Various neutral curves have been drawn to show the effect of various physical parameters such as magnetic field, Ohnesorge number, heat transfer capillary number, and kinematic viscosities, on the stability of the system.
Methodology

Problem Formulation
A system of two incompressible, viscous and magnetic fluids, separated by a cylindrical interface, is considered in an annular configuration as shown in Fig. 1 . A cylindrical system of coordinates ðr; h; zÞ is assumed so that in the equilibrium state z-axis is the axis of symmetry of the system. The undisturbed cylindrical interface is taken at radius R. In the formulation the subscripts 1 and 2 denote variables associated with the fluid inside and outside the interface, respectively. In the undisturbed state, viscous fluid of thickness h 1 , density q 1 , viscosity l 1 and magnetic permeability e 1 occupies the inner region R 1 < r < R and viscous fluid of thickness h 2 , density q 2 , viscosity l 2 and magnetic permeability e 2 occupies the outer region R < r < R 2 . The bounding surfaces r ¼ R 1 and r ¼ R 2 are considered to be rigid. The temperatures at r ¼ R 1 ; r ¼ R and r ¼ R 2 , are T 1 ; T 0 and T 2 , respectively. Both fluids are assumed to be incompressible and irrotational.
Small axisymmetric disturbances are superimposed to the basic state of rest. After disturbance, the interface is given by
where g is the perturbation in the radius of the interface from the equilibrium value R, and for which the outward unit normal vector is given by
where e r and e z are unit vectors along the r and z directions, respectively. The velocity is expressed as the gradient of the potential function /ðr; z; tÞ and the potential functions satisfy Laplace equation as a consequence of the incompressibility constraint. i.e.
where
The two fluids are subjected to external magnetic field H 0 along z-axis
It is assumed that quasi static approximation is valid for the problem; hence the magnetic field can be derived from magnetic scalar potential function wðr; z; tÞ such that
Gauss's law requires that the magnetic potential function also satisfies Laplace equation i.e.
Boundary conditions
The boundary conditions at the rigid cylindrical surfaces r ¼ R 1 and r ¼ R 2 are given by
It is assumed that phase-change takes place locally in such a way the net phase-change rate at the interface is equal to zero. The interfacial condition, which expresses the conservation of mass across the interface, is given by the equation (Hsieh [10] )
where X ½ ½ represents the difference in a quantity across the interface, it is defined as X ½ ½ ¼ X 1 À X 2 The tangential component of the magnetic field must be continuous across the interface i.e.
where H t ð¼ n Â H j jÞis the tangential component of the magnetic field.
Since no free charge is present at the interface, the normal component of magnetic induction must be continuous at the interface which requires;
where H n ð¼ n Á HÞ is the normal component of the magnetic field.
The interfacial condition for energy transfer proposed by Hsieh [10] is expressed as
where L is the latent heat released during phase transformation. SðgÞ constitute net heat flux from the interface. In deriving Eq. (11), Hsieh [10] assumed that the amount of latent heat released depends mainly on the instantaneous position of the interface. In the equilibrium state, the heat fluxes in positive radial direction in the fluid phase 1 and phase 2 are
Þ, respectively where K 1 ; K 2 denote heat conductivities of the two fluids. The expression for SðgÞ is expressed as
Expanding SðgÞ about g ¼ 0 as
The basic state heat flux that is conducted from inside liquid to the interface is assumed equal to heat conducted from the interface into outside liquid. Hence Sð0Þ ¼ 0, from Eq. (12), we get
Hence in the equilibrium state heat fluxes across the interfaces are equal.
Interfacial condition for conservation of momentum can be written as Fig. 1 The equilibrium configuration of the fluid system.
where p j ðj ¼ 1; 2Þ are the irrotational pressure for inside and outside fluid, respectively and r denotes the surface tension. Surface tension has been assumed to be a constant, neglecting its dependence on temperature. Pressure can be obtained using Bernoulli's equation.
Linearization and normal mode analysis
It has been observed that the asymmetric disturbances are always stable for capillary instability. A long cylinder of liquid is unstable to the axisymmetric disturbances with wavelengths greater than 2pR, where R is the radius of the cylinder. Hence, we considered only axisymmetric disturbances in this analysis.
For linearization, first we have expanded the Eqs. 9, 10, 11, 12 and (16) using Eq. (1) for F and the variables g and / j appearing in the equations are expressed in Maclaurin series around r ¼ R. Now, axisymmetric disturbances are imposed on these equations and retaining the linear terms, we can get the following equations.
where Eq. (20) is obtained using Eqs. (13)- (15) with Eq. (12) and
Now the normal mode technique has been used to find the solution of the governing equations. Let the interface elevation be represented by
where A is constant, k denotes the real wave number, x represents the growth rate and c:c. refers the complex conjugate of the preceding term. On solving Eqs. (3) and (6) with the help of boundary conditions, we get and symbols I 0 and K 0 are modified Bessel functions of first and second kind, respectively and prime on modified Bessel functions denotes the differentiation with respect to r when r ¼ R; R 1 and R 2 .
Dispersion relation
Substituting the values of g; / 1 ; / 2 ; w 1 and w 2 in Eq. (21), we get the dispersion relation
where 
Neutral curves are obtained by putting x 0 ðkÞ ¼ 0. Eq. (27) reduces to a 2 ¼ 0, which in turn implies that where k c is the critical wave number. For H 0 ¼ 0, Eq. (27) is reduced to dispersion relation as obtained by Kim et al. [17] . In Eq. (27) putting l 1 ¼ 0; l 2 ¼ 0 dispersion relation of Elhefnawy and Radwan [19] can be obtained. Choosing l 1 ¼ 0; l 2 ¼ 0; a ¼ 0; R 1 ! 0; R 2 ! 1, and H 0 ¼ 0, the dispersion relation (27) reduces to form x Here the condition for stability is x>1, which is well known Rayleigh criteria for a cylindrical jet.
Dimensionless form of dispersion relation
Introducing dimensionless variableŝ
where the length scale H and time scale s are defined as
; Oh ¼ ffiffiffiffiffiffi ffi
where Oh denotes the Ohnesorge number, Ca represents the heat transfer capillary number,ĥ is the inner fluid fraction and j denotes the kinematic viscosity ratio.
Eliminating the '^' on the dimensionless variables for brevity, the dimensionless form of (27) is
The expression for neutral curves becomes 2Ca
Applying Routh Hurwitz criterion, it is concluded that the system is stable for H P H c and unstable for H < H c . From Eq.
(29) we can get the value of maximum growth rate ðx 0 Þ m and corresponding wave number k m while the critical wave number k c can be obtained using Eq. (30).
Results and discussions
In this section the numerical computation has been carried out using the expressions presented in the previous section for a film boiling condition. We have used Newton-Raphson iterative method to find the critical wave number k c . Steam and water have been taken as working fluids identified with phase 1 and phase 2, respectively, such that T 1 > T 0 > T 2 . In film boiling, the water-steam interface is in saturation condition and the temperature T 0 is equal to the saturation temperature.
Following parametric values have been taken. The diameters of the inner and outer cylinders are taken as 1 cm and 2 cm, respectively. The value of magnetic permeability ratio e is taken as 0.5 in general for numerical calculation. At the interface, phase change is taking place. Neutral curves divide the plane into a stable region denoted by S (above the curve) and an unstable region denoted by U (below the curve).
In the following the effect of various physical parameters on the onset of instability is interpreted through various Figures. 2 shows the neutral curves for the critical wave number k c vs. kinematic viscosity ratio j for various values of heat transfer capillary number Ca when magnetic field H ¼ 5. It has been observed that as Ca increases, the stable region (upper region) grows. Therefore, Ca has a stabilizing effect on the stability of the system. Kim et al. [17] have also observed that the heat and mass transfer phenomenon has stabilizing effect in the absence of magnetic field and therefore, magnetic field does not affect the behavior of magnetic field. The effect of heat and mass transfer on the stability of the system can be explained in terms of local evaporation and condensation at the interface. At a perturbed interface, crests are warmer because they are closer to the hotter boundary on the vapor side, thus local evaporation takes place, whereas troughs are cooler and thus condensation takes place. The liquid is protruding to a hotter region and the evaporation will diminish the growth of disturbance waves. The heat and mass transfer phenomenon has again stabilizing effect on the stability of the system even in the presence of magnetic field and this effect is enhanced in the presence of an axial magnetic field. For a fixed value of vapor thickness h, on increasing Ca, the critical wave number k c decreases and finally vanishes at threshold Ca.
The neutral curves for critical wave number k c vs. h for various values of magnetic field strength H at Ca ¼ 0:3 have been shown in Fig. 3 . It has been observed that for a fixed value of h and Ca, the critical wave number k c decreases on increasing H. Therefore, it is concluded that H has stabilizing effect. The concept of Lorentz force can elucidate the physical mechanism of this phenomenon. Lorentz force due to the perturbed velocity and applied magnetic field has the effect of pushing the fluid streams and causing the stabilizing effect. In values of magnetic field H ¼ 0; 10; 20; 50; 100 at h ¼ 0:1 and observed that magnetic field has stabilizing effect. It is also found that for every H, the threshold Ca remains same for some fixed value of h.
In Fig. 5 , the neutral curves for the magnetic field H c vs. k c have been plotted for various values of Ca at h ¼ 0:1. A critical value of the magnetic field has been obtained. If the magnetic field is less than this critical value, the system is unstable otherwise it is stable. It has been observed that the stable region increases on increasing the heat transfer coefficient Ca and hence it is concluded that Ca has stabilizing effect on the critical magnetic field. Variation of neutral curves for magnetic field for different values of kinematic viscosity ratio of two fluids j have been shown in Fig. 6 for Ca ¼ 0:1 and h ¼ 0:1. It is concluded that the critical wave number k c decreases with increasing j. It is also found that for every H, the threshold remains same for some fixed value of Ca and h. As the kinematic viscosity ratio increases, the viscosity of the inside fluid increases and hence inner fluid viscosity has stabilizing effect on the stability of the system.
Variation of neutral curves of critical wave number k c vs. magnetic permeability ratio e have been plotted in Fig. 7 for various values of magnetic field H ¼ 0:01; 5:0; 10:0; 20:0; 50:0 at Ca ¼ 5 and h ¼ 0:1. It has been observed that on increasing e, the critical wave number k c first increases, attains a maximum and then decreases for the same value of magnetic field. This concludes that ratio of magnetic permeability plays dual role in the linear stability analysis.
The evolution of the neutral curves H c vs. k c for different values of Ohnesorge number has been shown in Fig. 8 . It has been observed that Ohnesorge number has destabilizing effect on the stability of the system. Through increasing Ohnesorge number, the viscosity of the outside fluid will decrease and less resistance to the fluid flow will take place. Therefore, the flow will become unstable.
In Figs. 9 and 10, the growth rate values have been compared for H ¼ 0 and 5, for different values of heat transfer capillary number Ca at h ¼ 0:1. It is observed that on increasing Ca the growth rates decrease and growth rates in the presence of an axial magnetic field decrease faster than the growth rates in the absence of a magnetic field. It shows that heat and mass transfer has stabilizing effect on the stability of the system and this effect is enhanced in the presence of magnetic field.
Conclusion
Viscous potential flow analysis of capillary instability with heat and mass transfer in the presence of an axial magnetic field has been carried out. The dispersion relation is obtained which is a quadratic equation in growth rate. The stability condition is obtained by applying Routh Hurwitz criterion for stability. A critical value of magnetic field as well as critical wave number is obtained. The system is unstable when the magnetic field is less than the critical value of magnetic field, otherwise it is stable. It is observed that the heat and mass transfer has stabilizing effect on the stability of the system and this effect is enhanced in the presence of a magnetic field. The heat and mass transfer completely stabilizes the interface against capillary effects even in the presence of an magnetic field. It is also observed that the axial magnetic field increases the stability of the system with or without heat and mass transfer. It is found that the ratio of magnetic permeability has dual effect on growth of disturbance waves. The heat and mass transfer, for inviscid fluids, has no effect on the stability of the system, while it has stabilizing effect on the stability for viscous fluids. 
